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In the present paper we investigate the conservative conditions in Quadratic Gravity. It is shown
explicitly that the Bianchi identities lead to the conservative condition of the left-hand-side of the
(gravitational) field equation. Therefore, the total energy-momentum tensor is conservative in the
bulk (like in General Relativity). However, in Quadratic Gravity it is possible to have singular
hupersurfaces separating the bulk regions with different behavior of the matter energy-momentum
tensor or different vacua. They require special consideration. We derived the conservative conditions
on such singular hypersurfaces and demonstrated the very possibility of the matter creation. In the
remaining part of the paper we considered some applications illustrating the obtained results.
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I. INTRODUCTION
Everybody knows that Albert Einstein imposing requirements to the relativistic theory of gravitation claimed that
one of the most important among them is the conservative condition of the energy-momentum tensor — the source
of gravity. It is this very feature of the (future) theory that allowed him to discover eventually the “correct” Einstein
equations. It was more than one hundred years ago. Everybody believed at the time that the matter and geometry
must be completely separated, and the matter can not be created.
The development of quantum theory revealed the fact that particles are created by strong fields from the vacuum
state, and the vacuum itself is not empty but filled with zero fluctuations of all the fields. The gravitational field may
cause the parametric resonance inducing the process of the matter creation. A.D.Sakharov even suggested [1] that
the gravitational field does not exist as the fundamental one, but it is simply the tensions of the vacuum fluctuations
of all other quantum fields.
In the early 70s of the last century three groups of theoreticians [2–11] started to investigate the processes of the
quantum creation of particles by a scalar field on the cosmological model backgrounds. They found that themain role
is played by the so-called conformal anomaly, which is a consequence of the renormalization procedure, necessary
in quantum field theory.
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2The conformal anomaly (= trace anomaly) can be incorporated into the action integral, where it consists of two
parts, local and nonlocal ones. The local part enters the gravitational Lagrangian as the set of the counter-terms,
and in the one-loop approximation equals to the sum of the terms, quadratic in Riemann curvature tensor and
its contractions (Ricci tensor and curvature scalar). This is why we decided to consider just the Quadratic Gravity.
Usually, the local part is interpreted as describing the vacuumpolarization effects. The nonlocal part, then, associated
with the particle creationprocess. While the local part explicitly inserted into the Lagrangianof theQuadraticGravity,
the nonlocal one is included, implicitly, into the matter Lagrangian and, consequently, into the energy-momentum
tensor. If this picture is correct, it is natural to suppose that the local part gives rise to the divergentless gravitational
field equations. Therefore, the corresponding part of the total energy-momentum tensor is conservative. We showed
that this is indeed the case. Nevertheless, the transferring the geometry into the matter (particles) is possible due to
that nonlocal term in the action integral mentioned above.
The above statement is valid provided the Riemann tensor and its contractions are well-defined, i. e., in the bulk.
But, both in General Relativity and in the Quadratic Gravity there may appear singular hypersurfaces, where the
curvature exhibit jumps and (Dirac’s) delta-function behavior. In General Relativity this happens when the energy-
momentum tensor is concentrated on this hypersurface, i. e., it has a term proportional to delta-function. In the
Quadratic Gravity it is sufficient for the energy-momentum tensor to have a jump, describing the shock wave in
the matter or even in the cosmological term (cosmological phase transition). These singular hypersurfaces are
characterized by a three-dimensional metric tensor and three-dimensional extrinsic curvature tensor which describes
the embedding of this three-dimensional hypersurface into the ambient four-dimensional space-time.
The Einstein equations on the singular hypersurface were derived by W.Israel [12, 13]. They relate the jumps in
the extrinsic curvature tensor to the surface energy-momentum tensor of the thin shell formed by concentration of
the matter fields on this hypersurface. In general, the surface energy-momentum tensor is four-dimensional. It can
be, naturally, decomposed into the three-dimensional tensor, which is, actually, describes the energy content of the
thin shell, the three-dimensional vector and the scalar. It appears that the last two, namely, vector and scalar parts
are zero by virtue of the field equations.
In the case of Quadratic Gravity the corresponding equations were derived by J.M.M.Senovilla [14–19]. They are
essentially different from the Israel equations. First, the primeval equations contain not only the delta-function,
but also its derivative. Thus, they describe not only the familiar thin shells, but also the so-called double layers.
This is a rather new phenomenon, describing the gravitational shock waves. Second, after integration across the
singular hypersurface there appear some “arbitrary” functions that should be determined by specifying the solutions
in the bulk regions. Third, as it was mentioned and emphasized by J.M.M.Senovilla, the vector and scalar parts of
the four-dimensional surface energy-momentum tensor are not necessarily zero, he gave them the names “extrinsic
pressure” and “extrinsic flow”, correspondingly.
In the present paper we derived the field equations on the singular hypersurface using quite different approach,
namely, we did it using solely the least action principle. In the case of the Quadratic Gravity our method has an
interesting feature: the derivative of the delta-function does not appear at all, and the delta-function itself appears
only virtual. Nevertheless, we managed to extract the “arbitrary” functions. These functions enter only those
equations that form the three-dimensional tensor, the three-dimensional surface energy-momentum tensor being the
source. This means, that in order to determine the singular hypersurface itself for given solutions in the bulk we will
need only the three-dimensional vector equation, as well as the scalar one.
At last, we derived the conservative condition for the energy-momentum tensor on the singular hypersurface and
proved that it is the vector and scalar parts of the surface energy-momentum tensor, that are responsible for the
matter creation. One may say, that they are the “remnants” of the nonlocal part among the counter-terms leading to
the conformal anomaly.
II. INTRODUCTION TO QUADRATIC GRAVITY
The action integral for Quadratic Gravity, S2, in its standard form reads as follows
S2 =
∫
L2
√−g d4x, (1)
with the Lagrangian
L2 = α1RµνλσRµνλσ + α2RµνRµν + α3R2 + α4R + α5Λ. (2)
3Here R
µ
νλσ
is the Riemann curvature tensor
R
µ
νλσ
=
∂Γ
µ
νσ
∂xλ
−
∂Γ
µ
νλ
∂xσ
+ Γ
µ
κλ
Γ
κ
νσ − ΓµκσΓκνλ, (3)
Rνσ is the Ricci tensor
Rνσ = R
λ
νλσ, (4)
and R is the curvature scalar
R = Rλλ (5)
and Λ is the cosmological constant. We adopt the metric formalism, so the only gravitational dynamic variables are
the components of the metric tensor gµν (and its inverse, g
µν: gµνgνλ = δ
µ
λ
), defining the space-time interval, ds,
ds2 = gµνdx
µdxν (6)
and the metric compatible symmetric connections (= Christoffel symbols)
Γ
λ
µν =
1
2
gλκ
(
gκµ,ν + gκν,µ − gµν,κ
)
, (7)
(comma (,) denotes a partial derivative).
The total action is the sum of the gravitational action and the the action of the matter fields Sm, and the variation
of the latter defines the matter energy-momentum tensor as follows
δSm =
1
2
∫
Tµν(δg
µν)
√−g d4x = −1
2
∫
Tµν(δgµν)
√−g d4x. (8)
For our future purposes we will try to rewrite the gravitational action in the following way
L2 = αC2 + βGB + γR2 + α4R + α5Λ. (9)
Here Cµνλσ is the Weyl tensor
Cµνλσ = Rµνλσ +
1
2
(Rµσgνλ + Rνλgµσ − Rµλgνσ − Rνσgµλ) + 1
6
R(gµλgµσ − gµσgνλ), (10)
which is defined as the completely traceless part of the Riemann tensor, and its square CµνλσC
µνλσ equals
C2 = RµνλσR
µνλσ − 2RµνRµν + 1
3
R2. (11)
Note, that all the coefficients in the last two formulas are calculated for the four-dimensional space-time.
Then goes for the famous Gauss–Bonnet term, GB,
GB = RµνλσR
µνλσ − 4RµνRµν + R2, (12)
which is pure topological in the four-dimensional space-time, i. e., after integration over some manifold M it gives
us its Euler characteristic χ (topological invariant)
χ(M) =
1
32π2
∫
M
GB
√−g d4x. (13)
Gauss–Bonnet term does not influence the field equations, provided the Riemann curvature tensor Rµνλσ is well
defined. Evidently, special linear combination of C2 and GB can be used instead of any given combination of α1- and
α2-terms in the standard form of the Lagrangian L2, and new coefficient α β and γ are
α = 2α1 +
1
2α2;
β = −α1 − 12α2;
γ = α3 +
1
3 (α1 + α2).
(14)
4Let us now write the field equations. Surely, α4- and α5- parts give Einstein equations (for α5 = 2α4 = 1/(8πG))
with the cosmological term,
α4Gµν − 1
2
α5Λgµν =
1
2
Tµν(R), (15)
Gµν = Rµν − 1
2
gµνR, (16)
Gµν is the Einstein tensor.
The α-part in (9) produces the so-called Bach equations,
Bµν =
1
2
Tµν(C
2), (17)
Bµν = C
;σ;λ
µλνσ
+
1
2
RλσCµλνσ, (18)
Bµν is the Bach tensor, symmetric and traceless. Semicolon (;) denotes the covariant derivative with respect to the
metric compatible connection, Γλµν, introduced above in (7).
The Gauss–Bonnet term — no field equations whenever R
µ
νλσ
is well-posed.
At last, the γ-part provides us with the following field equations
Dµν = 1
4γ
Tµν(R
2), (19)
Dµν = R;µν − (R;λ;κgλκ)gµν − R(Rµν − 1
4
Rgµν). (20)
On the right-hand-sides of field equations (19) we put the corresponding partial energy-momentum tensor (notations
are obvious).
III. INTRODUCTION TO DOUBLE LAYERS
It was alreadymentioned that the field equations (presented in the previous Section I) are valid only if the curvature
tensor is well-defined, i. e., metric tensor is differentiable. But, one can easily imagine the physical situation when
the energy-momentum tensor of the matter fields behaves differently in different regions of the space-time. In this
case the energy-momentum tensor can be approximately described by the jumps (shock waves, matter-vacuum
boundaries etc.) or by the Dirac δ-function distribution (caustics, vacuum phase transitions etc). Here we suppose
that there are no more singular terms (like δ′, δ′′, . . . ) in the matter distribution. Therefore, we need to know the
field equations not only in the bulk, but also on these transient surfaces which can be considered mathematically as
the junction conditions for the two different solutions in two different space-time regions.
Let thewhole space-time is divided into two regions, (+) and (−), separated by some fixed 3-dimensional (non-null)
hypersurface Σ0. Given the solutions in the bulk, i. e., in the (±)-regions, what should be the junction conditions for
the metric tensor and its derivatives at Σ0? It is well known that, by suitable coordinate transformation (of course,
different in (±)-regions) it is always possible to make the metric tensor gµν continuous at any non-null hypersurface
Σ0.
Let n(xµ) = 0 be an equation of our hypersurface Σ0 (of course, different in (±)-regions). Then, it is always possible
to introduce in its vicinity the famous Gauss normal coordinate system, associated with Σ0,
ds2 = ǫ dn2 + γi jdx
idx j, (21)
where n runs from (−)-region (n < 0) to (+)-region (n > 0) along the normal direction, ǫ = ±1, depending on whether
the hypersurface Σ0 is time-like (ǫ = −1) or space-like (ǫ = 1). Our hypersurface is characterized by a 3-dimensional
metric γi j (in what follows we adopt the 4-dimensional signature (+,−,−,−), the Greek indices take values {0, 1, 2, 3},
while latin ones — {0, 2, 3} or {1, 2, 3} and the extrinsic curvature tensor Ki j, which describes the embedding of a
3-dimensional surface into a 4-dimensional space-time. In the Gauss normal coordinates
Ki j = −1
2
γi j,n. (22)
The matter energy-momentum tensor can be written now in the following way
Tµν = Sµνδ(n) + Tµν(+)θ(n) + Tµν(−)θ(−n), (23)
5where δ(n) is the Dirac δ-function, and θ(n) is the Heaviside step-function. The tensor Sµν is called the surface
energy-momentum tensor. The behavior of the metric tensor derivatives at Σ0 depends on the gravitational theory
we are considering.
In General Relativity everything is rather simple. The field equations (15) are of the second order in derivatives
of the metric tensor. With Sµν , 0 and continuous gµν at Σ0, the only way to compensate the δ-function in the
energy-momentum tensor is to demand the jumps of the extrinsic curvature tensor Ki j,
[Ki j] , 0, (24)
where [ ] = (+) − (−). The junction conditions in this case are the Israel equations [12, 13] that establish relations
between [Ki j] and [Si j]. If the surface energy-momentum tensor is nonzero, the hypersurface is singular, it has the
special name “thin shell”. In the case, when the energy-momentum tensor has only jumps (i. e., there is a shock
wave in the matter distribution), then Σ0 is non-singular, and the corresponding jumps in curvature mean that we
are dealing with a shock gravitational wave.
In Quadratic Gravity the situation is more subtle. We are not allowed to have jumps in the first derivatives of
the metric tensor (i. e., in the Christoffel symbols) — otherwise in the Lagrangian (2) would appear δ2-function (in
generic case), what ia absolutely forbidden in the conventional theory of distributions. Instead, we are forced to
impose the so-called Lichnerowicz conditions
[gµν,λ] = 0, (25)
which in the Gauss normal coordinate system is transformed to
[Ki j] = 0. (26)
Since in Quadratic Gravity the field equations are of the second order in derivatives of the curvatures (respectively,
the fourth order in derivatives of the metric tensor), there are only two possibilities with Sµν , 0. Either the Riemann
curvature tensor is continuous at Σ0, then its first derivatives undergo jumps, while the second derivative have a
δ-function behavior. In this case we are dealing with the thin shell, but the junction conditions (= equations for the
shell trajectory) will be quite different from that in General Relativity [20]. Or the Riemann tensor undergoes a jump
at Σ0, then its first derivative have the δ-function behavior, while the second derivative behaves like the δ′ — the
derivative of the δ-function. And this what is called the “double layer”. Note, that because of the jump in curvature
it is, at the same time, the gravitational wave shock wave. It may be, or may not be, accompanied by thin shells.
Going further, we would like to show how the junction condition can be derived using the least action principle
only. Let us start with General Relativity and Hilbert action
SH = α4
∫
R
√−g d4x. (27)
Making the variation we get
δS4 = α4
∫ {
(δR) − 1
2
gµνR(δg
µν)
}√−g d4x (28)
= α4
∫ {
gµν(δRµν) +
1
2
(Rµν − gµνR)(δgµν)
}√−g d4x. (29)
For the variation of the Ricci tensor δRµν we will use the Palatini formula [21] 1
δRµν = (δΓ
λ
µν);λ − (δΓλµλ);ν (30)
(note that δΓ is a vector). Thus,
δS4 = α4
∫ {
gµν
(
(δΓλµν);λ − δΓλµλ);ν
)
− (Rµν − 1
2
gµνR)(δgµν)
}√−g d4x. (31)
Both terms in the integrand contain δ-function (Sµν , 0), giving rise the contributions to the integral over the singular
surface we are intersected in. Wemust carefully integrate them out. To do this, let us write the Christoffel symbols as
Γ
λ
µν = Γ
λ
µν(+)θ(n)+ Γ
λ
µν(−)θ(−n). (32)
1 V.A.B. is greatly indebted to Prof. Friedrich Hehl, who told him about the author of this remarkable relation.
6Then,
δΓλµν = (δΓ
λ
µν)(+)θ(n)+ (δΓ
λ
µν)(−)θ(−n) (33)
since we keep Σ0 fixed, and
(δΓλµν);λ = [δΓ
λ
µν)]δ(n)n,λ + (δΓ
λ
µν);λ(±), (34)
(δΓλµλ);ν = [δΓ
λ
µν)]δ(n)n,λ + (δΓ
λ
µλ);ν(±), (35)
since θ(n)′ = δ(n) and θ(−n)′ = −δ(n). Analogously,
Rµν = [Γ
λ
µν]δ(n)n,λ − [Γλµλ]δ(n)n,ν + . . . (36)
R = gαβ[Γλαβ]δ(n)n,λ − gαβ[Γλαλ]δ(n)n,β + . . . (37)
The simplest way to integrate across the singular hypersurface Σ0 is to use the Gauss normal coordinate system.
The result is straightforward
δS4 = α4
∫
Σ0
{
[δΓnµν]g
µν − [δΓλµλ]gµn
}√
|γ| d3x
+ α4
∫
Σ0
{
[δΓnµν](δg
µν) − [δΓλµλ](δgµn)
− 1
2
(gαβ[Γnαβ] − gαn[Γλαλ])gµν(δgµν)
}√
|γ| d3x
+ α4
∫
(±)
{
gµν
(
(δΓλµν);λ − (δΓλµλ);ν
)}√−g d4x, (38)
where γ is the determinant of the 3-dimensional metric γi j on Σ0. We have already omitted the terms in the volume
integral, proportional to δgµν, because they do not contribute to the surface integral anymore. Now, let us have a
look at the remaining volume integral over (±)-regions only. It is easy to recognized that it consists of the linear
combinations of full derivatives (g
µν
;λ
= 0, l
µ
;λ
√−g = (lµ √−g) ,λ for any vector lµ). By Stokes’ theorem, it is converted
into the surface integrals (here we need only the integral over Σ0), namely
α4
∫
(±)
{
(gµν(δΓλµν)
√−g),λ − gµν(δΓλµλ)
√−g),ν
}√−g d4x →
−α4
∫
Σ0
{
(gµν[δΓλµν] − gµλ[δΓνµν]
}√−g dSλ, (39)
where dSλ is the vector along the outward normal to Σ0. The sign in front of the integral is due to our definition of
[ ] = (+) − (−). In Gauss normal coordinate system this becomes
−α4
∫
Σ0
{
gµν[δΓnµν] − gµn[δΓνµν]
}√
|γ| d3x, (40)
i. e., exactly the same as the first line of equation (38), but with the opposite sign!
What do we have at the end of the day? Taking into account that
[Γnij] = ǫ[Ki j], [Γ
i
nj] = −[Kij], (41)
all others are zero, we have got (K = TrKi j)
α4ǫ
∫
Σ0
{
[Ki j] − gi j[K]
}
(δγi j)
√
|γ| d3x = −1
2
∫
Σ0
Sµν(δg
µν)
√
|γ| d3x, (42)
7i. e., the Israel equations (for α4 = 1/(16πG))
ǫ([Ki j] − gi j[K]) = 8πGSi j (43)
plus Snn = 0 and Sni = 0 due to the absence of δgnn and δgni in the right-hand-side of equation (42).
Let us turn to the Quadratic Gravity. Here we are interested in deriving the junction conditions on the singular
hypersurfaceΣ0, using the least action principle only. The relevant calculations are very lengthy and cumbersome, so
wewill present here just main steps andwill extensivelymake use of our experience in obtaining the Israel equations.
For more details see [22, 23].
So, our task is to find the contribution of the variation of the total action to the surface integral over some (fixed)
singular hypersurface Σ0. The gravitational action S2 is defined in (1) with the Lagrangian L2 from equation (2). We
already know that, beside the continuity of the metric tensor on Σ0, what can be achieved by suitable coordinate
transformation in (±)-regions, one has to impose, in addition, the so-called Lichnerowicz conditions, which, for given
solutions in a bulk, serve, together with the junction conditions (still to be found) for determining this very singular
hypersurface Σ0. Thus, we demand that
[gµν] = 0, [Γ
λ
µν] = 0. (44)
Because of these Lichnerowicz conditions, there can be no δ-functions in the Lagrangian L2, only jumps across Σ0.
For this very reason we can safely omit all the terms in δS2 that proportional to the variations of the metric tensor,
δgµν (δgµν), since they do not contribute to the surface integral, we are interested in here. Moreover, the α4-term will
not contribute to the surface integral as well, what can be easily deduced from our preceding consideration. Thus
we are left with
δS2 → 2
∫{
α1R
νλσ
µ (δR
µ
νλσ
) + α2R
µν(δRµν) + α3Rg
µν(δRµν)
}√−g d4x. (45)
We confine ourselves to showing some important details for the α1-patch. For the rest, α2- and α3- ones we present
only the final results.
So, we want to calculate the contribution to the surface integral over Σ0 from the following volume integral
δS(α1) = 2α1
∫
R
νλσ
µ (δR
µ
νλσ
)
√−g d4x. (46)
Again, we will make use of the Palatini formula, now for the Riemann curvature tensor,
δR
µ
νλσ
= (δΓ
µ
νσ);λ − (δΓµνλ);σ (47)
Substituting this into the integrand in (46) we get
δS(α1) = 2α1
∫
R
νλσ
µ
(
(δΓ
µ
νσ);λ − (δΓµνλ);σ
)√−g d4x = 4α1
∫
R
νλσ
µ (δΓ
µ
νσ);λ
√−g d4x, (48)
where the symmetry property of the Riemann curvature tensor was taken into account. In the next step we extract
the full derivative,
δS(α1) = 4α1
∫ {(
R
νλσ
µ (δΓ
µ
νσ)
)
;λ
− R νλσ
µ ;λ
(δΓ
µ
νσ)
}√−g d4x. (49)
Here, for the first time, we encountered with δ-function. Indeed,
R
νλσ
µ = R
νλσ
µ (+)θ(n)+ R
νλσ
µ (−)θ(−n) (50)
and [δΓ
µ
νσ] = 0. Hence, (
R
νλσ
µ (δΓ
µ
νσ)
)
;λ
= [R
νλσ
µ ](δΓ
µ
νσ)δ(n)n,λ + . . . (51)
and (
R
νλσ
µ
)
;λ
(δΓ
µ
νσ) = [R
νλσ
µ ](δΓ
µ
νσ)δ(n)n,λ + . . . (52)
8(n(xµ) = 0 is an equation for Σ0). Remarkably, they cancel each other in the integrand as it ought to be, because we
started with the no δ-function at all. Thus, we may forget about δ-functions forever, and deal with the integrands
over (±)-regions only, i. e.,
δS(α1) = 4α1
∫
(±)
{(
R
νλσ
µ (δΓ
µ
νσ)
)
;λ
− R νλσ
µ ;λ
(δΓ
µ
νσ)
}√−g d4x. (53)
By making use of the Stokes’ theorem we get
δSgr(α1) = −4α1
∫
Σ0
[R
νλσ
µ ](δΓ
µ
νσ)
√−gdSλ − 4α1
∫
(±)
R
νλσ
µ ;λ
(δΓ
µ
νσ)
√−g d4x. (54)
(Note, again, the change of the sign in front of the surface integral.)
We do not intend to describe here the whole machinery, though it is by no means trivial, and present only the final
result for the α1-patch:
δSgr(α1) = 4α1
∫
Σ0
{
−2gilg jp[Klp,n](δKi j) + ǫKlp[Klp,n](δgnn)
+2gilg jp[Klp,n| j](δgin) +
(
−gilg jp[Klp,nn] − 4gilK jp[Klp,n]
+Kgilg jp[Klp,n]
)
(δγi j)
}√
|γ| d3x, (55)
where the vertical line (—) denotes the 3-dimensional covariant derivative.
In the same manner, i. e., without any details , we present the results for the α2- and α3-patches:
δSgr(α2) = α2
∫
Σ0
{
−2(gilg jp + gi jglp)[Klp,n](δKi j)
+ǫ (Klp + Kglp)[Klp,n](δgnn) + 2(g
ilg jp + gi jglp)[Klp,n| j](δgin)
+
(
− (gilg jp + gi jglp)[Klp,nn] + (−4gilK jp + 2glpKi j
−5gi jKlp + (gilg jp + gi jglp)K)[Klp,n]
)
(δγi j)
}√
|γ| d3x, (56)
δSgr(α3) =4α3
∫
Σ0
{
−2gi jglp[Klp,n](δKi j) + ǫKglp[Klp,n](δgnn)
+2gi jglp[Klp,n| j](δgin)+
(
− gi jglp[Klp,nn]
+(−5gi jKlp + Kglpgi j + Ki j glp)[Klp,n]
)
(δγi j)
}√
|γ| d3x. (57)
In total,
δSgr =
∫
Σ0
{{
−2
(
(4α1 + α2)g
ilg jp + (α2 + 4α3)g
i jglp
)}
[Klp,n](δKi j)
+ǫ
{
(4α1 + α2)K
lp
+ (α2 + 4α3)Kg
lp
}
[Klp,n](δgnn)
+2
{
(4α1 + α2)g
ilg jp + (α2 + 4α3)g
i jglp
}
[Klp,n| j](δgin)
+
{
−
(
(4α1 + α2)g
ilg jp + (α2 + 4α3)g
i jglp
)
[Klp,nn] − 4(4α1 + α2)gilK jp[Klp,n]
+
(
(4α1 + α2)g
ilg jp + (α2 + 4α3)g
i jglp
)
K[Klp,n]
+
(
(α2 + 4α3)(g
lpKi j − 5gi jKlp)
)
[Klp,n]
}
(δγi j)
}√
|γ| d3x. (58)
9Let us analyze shortly the results obtained so far.
First: since the variation of the total action on the singular hypersurface Σ0 must be zero, then
δSgr
∣∣∣
Σ0
=
1
2
∫
Σ0
Sµν(δgµν)
√
|γ| d3x. (59)
Second: note, that the coefficients α1, α2 and α3 from the Quadratic Gravity Lagrangian (2) enter δSgr(Σ0) only in
two combinations, (4α1 +α2) and (α2 + 4α3). If both of them are zero, then Sµν = 0. But, this is just the case of the pure
Gauss-Bonnet term. Thus, if the Riemann curvature tensor does not exhibit the δ-function behavior at Σ0 (i. e., either
it is continuous there, or undergoes a jump), then adding the Gauss-Bonnet term to the curvature scalar in the Hilbert
action does not produces neither double layer, nor additional thin shells. Note also, that in this case the existence of
the δ-function in the curvature is possible (and, therefore, the Lichnerowicz conditions are not obligatory), because
the δ2-terms do not appear in the corresponding Lagrangian.
Third: consider the case when the curvature is continuous at Σ0, i. e., [Ki j,n] = 0, and no double layer exists at all.
Then,
−
∫
Σ0
{
(4α1 + α2)g
ilg jp + (α2 + 4α3)g
i jglp
}
[Klp,nn](δγi j)
√
|γ| d3x = 1
2
∫
Σ0
Sµν(δgµν)
√
|γ| d3x. (60)
and 
−
{
(4α1 + α2)gilg jp + (α2 + 4α3)gi jglp
}
[Klp,nn] =
1
2S
i j;
Snn = 0, Sni = 0;
[Ki j] = 0, [Ki j,n] = 0.
(61)
This is the analogue of the Israel equations for the thin shells.
At last, let us come to the generic case, when there is a jump in the curvature at the singular hypersurface, and,
thus, the double layer is produced. At once, we encounter the problem. In the integrand there exist variations of
the extrinsic curvature tensor δKi j, which are not the variations of the dynamical variables and, at the same time,
cannot be removed. In General Relativity these variations were canceled by contributions from the δ-function terms
in the Lagrangian, but now we completely lack such a possibility. What to do? The solution of this puzzle lies in
recognizing, that δKi j are not the independent variations, they depend on δγi j, simply because δKi j = (1/2)(δγi j,n)|Σ0 .
But, in a sense, the relation between them is arbitrary, since the equations in the bulk, i. e., in (±)-regions, are of the
fourth order in derivatives of the metric tensor, and they are not uniquely defined by gµν and gµν,λ at some Cauchy
hypersurface. Thus we are forced to write down the following
δKi′ j′ = B
i j
i′ j′ (δγi j). (62)
The appearance of the arbitrary function are not completely surprising. This is just a reminiscent of the δ′-functions
in the field equations, and, thus it is a marker of the double layer. In the next Section IV we will demonstrate, how it
works. Actually, B
i j
i′ j′ are not completely arbitrary, they depend on our choice of the solutions in the bulk and should
be found when solving the junction equations.
Now we are ready to write down the equations for the double layer in Quadratic Gravity [22, 23]:
ǫ
{
(4α1 + α2)K
lp
+ (α2 + 4α3)Kg
lp
}
[Klp,n] =
1
2
Snn, (63)
2
{
(4α1 + α2)g
ilg jp + (α2 + 4α3)g
i jglp
}
Klp,n| j] =
1
2
Sin, (64){(
−2(4α1 + α2)gi′lg j′p + (α2 + 4α3)gi′ j′ glp
)
[Klp,n]B
i j
i′ j′
+
{
−
(
(4α1 + α2)g
ilg jp + (α2 + 4α3)g
i jglp
)
[Klp,nn]
−4(4α1 + α2)gilK jp[Klp,n]
+
(
(4α1 + α2)g
ilg jp + (α2 + 4α3)g
i jglp
)
K[Klp,n]
+
(
(α2 + 4α3)(g
lpKi j − 5gi jKlp)
)
[Klp,n]
}
(δγi j)
}
=
1
2
Si j. (65)
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J. M.M. Senovilla [14–19]) was the first who discovered and emphasized the fact, that Snn and Sni are not necessary
zero. The structure of equations (63)–(65) are rather curious. The (nn) and (ni) equations serve for determining the
singular hypersurface Σ0 itself, while the (i j) equations serve for calculating the “arbitrary” functions B
i j
i′ j′ only.
IV. CONSERVATIVE CONDITION
More than one hundred years ago, Albert Einstein, trying to construct a relativistic theory of gravity, claimed
that one of the requirement to the future theory must be the conservative condition for the energy-momentum
tensor for the matter fields. He was, evidently, encouraged by the fact that in the case of Special Relativity the
energy-momentum tensor Tµν for the isolated (conservative) systems automatically obeys the following conservation
equation (in Minkowski coordinates)
T
µν
,ν = 0, (66)
and, also, that Maxwell equations for the electrodynamics incorporates the electric charge conservation law (in
Minkowski coordinates)
Jν,ν = 0, (67)
where Jν is the electric current 4-vector. In Special Relativity the conservation law (68) follows from the Noether’s
theoremdue to the homogeneity of the flat space-time. When using curvilinear coordinates (but still in theMinkowski
space-time), the conservative condition reads
T
µν
;ν = 0, (68)
where a semicolon denotes the covariant derivative with respect to the metric compatible connections (Christoffel
symbols).
It is this condition that automatically holds in General Relativity due to the conservative condition for the Einstein
tensor
Gνµ;ν = R
ν
µ;ν −
1
2
R,µ = 0, (69)
that follows from the Bianchi identities for the Riemann curvature tensor.
R
µ
νλσ;κ
+ R
µ
νκλ;σ
+ R
µ
νσκ;λ
= 0. (70)
Indeed, the contraction in indices µ and κ gives us
R
µ
νλσ;µ
+ Rνλ;σ + Rνσ;λ = 0, (71)
and the subsequent contraction in indices ν and σ leads to the famous relation
Rνλ;ν =
1
2
R;λ. (72)
Thus, the corresponding part of the total energy-momentum tensor, i. e., T
µ
ν (R) is conservative,
Tµν(R);ν = 0. (73)
Let us turn to the next part, namely, to Tµν(C2). To check its conservative condition, we need to calculate the full
covariant derivative of the Bach tensor, B
µν
;ν. We do not intend to exhibit all the details, show only the main steps.
Let us demonstrate, first, that the Bach tensor (18) is symmetric, Bµν = Bνµ. The symmetry of the second term in (18)
is rather obvious. The proof relies on the symmetric properties of the Weyl tensor, which is, by definition the same
as that of the Riemann curvature tensor (Cµνλσ = Cλσµν = −Cµνσλ), as well as of the Ricci tensor (Rλσ = Rσλ),
CµλνσRλσ = C
νσµλRλσ = R
νλµσRλσ. (74)
Then using the famous relation for the commutation of the second covariant derivatives, one can easily obtain
C
µσνλ
;λ;σ
− Cµσνλ
;σ;λ
= −(CκσνλRµ
κλσ
+ CµσκλRν
κλσ). (75)
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Since the Weyl tensor is completely traceless, we can replace R
µ
κλσ
by C
µ
κλσ
,
C
µσνλ
;λ;σ
− Cµσνλ
;σ;λ
= −(CκσνλCµ
κλσ
+ CµσκλCν
κλσ). (76)
Here the first term on the right-hand-side can be transformed, by making use of the cyclic identity (Cκσνλ = Cνλκσ =
Cνσλκ − Cνκσλ) into
CκσνλC
µ
κλσ
= −CνσλκCµ
κλσ
+ CνκλσC
µ
κλσ
, (77)
while the second one — into
CµσκλCν
κλσ = −CµλσκCνκλσ − CµκλσCνκλσ = CµσλκCνκλσ − CµκλσCνκλσ. (78)
Evidently, their sum is zero. Hence,
Bµν = Bνµ. (79)
Further, we are going to calculate the full covariant derivative of the Bach tensor,
B
µν
;ν = C
µσνλ
;λ;σ;ν
+
1
2
C
µλνσ
;νRλσ +
1
2
CµλνσRλσ;ν. (80)
Due to the symmetries we have
C
µσνλ
;λ;σ;ν
= C
νσµλ
;λ;σ;ν
= C
µλνσ
;λ;σ;ν
=
1
2
(C
µλνσ
;λ;σ;ν
− Cµλνσ
;λ;ν;σ
) =
1
2
(
1
6
RµσR;σ − Rκν;σRµκσν). (81)
Here we made use of the Bianchi identities and commutation relations. Again, the Bianchi identities and rather
lengthy calculations lead us to the conclusion that the Bach tensor is conservative,
B
µν
;ν = 0. (82)
Hence, the corresponding part, Tµν(C2) of the total energy-momentum tensor is also conservative,
T
µν
;ν(C
2) = 0. (83)
At last, we investigate the conservative relation for the remaining part,
Dµν = R;µν − (R;λ;κgλκ)gµν − R(Rµν − 1
4
Rgµν) (84)
We have
Dνµ;ν = (R;ν;µ;ν − R;ν;ν;µ) − R;νRνµ − RRνµ;ν +
1
2
RR;µ (85)
Since Rνµ;ν = (1/2)R;µ, it follows then,
Dνµ;ν = (R;ν;µ;ν − R;ν;ν;µ) − R;νRνµ ≡ 0. (86)
Here we used the commutation relation. Thus,
Dµν;ν = 0 (87)
and
T
µν
;ν(R
2) = 0. (88)
So, we showed the conservation of the total energy-momentum tensor in Quadratic Gravity, provided that all the
tensors and their derivatives, entering the field equations, are well defined, what is true in the bulk.
But, if there exists a jump in the matter distribution, or the δ-function behavior, there appears a singular hypersur-
face, where the bulk field equations are not valid. In fact, at such a surface two different solutions in two different bulk
regions must be linked, using the so-called junction conditions. In General Relativity these are the Israel equations
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for the thin shells (with δ-like behavior of the energy-momentum tensor), while in Quadratic Gravity they are the
equations for the double layers.
Our aim here is to consider the conservative equation on the singular hypersurfaces. So, let the whole space-time
be divided in two different bulk regions, (+) and (−) ones, separating by some singular hypersurface Σ0, whose
equation is
n(xµ) = 0, (89)
(of course) different in each of the bulk regions. We will be using (as before) the Gauss normal coordinate system
associated with Σ0,
ds2 = ǫdn2 + γi jdx
idx j, ǫ = ±1, (90)
where the coordinate n runs from (−)-region (n < 0) to (+)-region (n > 0) along the outward normal. And let the total
energy-momentum tensor Tµν has the form of the equation (23). The conservative condition takes the form
T
µν
;ν = S
µνδ′(n)n,ν + S
µν
;νδ(n)
+Tµν(+)δ(n)n,ν − Tµν(−)δ(n)n,ν + Tµν;ν(+)θ(n) + Tµν;ν(−)θ(n). (91)
Since, as we already know T
µν
;ν(±) = 0, then
T
µν
;ν = S
µνδ′(n)n,ν + S
µν
;νδ(n) + [T
µν]δ(n)n,ν. (92)
Note that taking the covariant derivative of the δ-function in Gaussian normal coordinates requires some care, as
was explained in details in [17]. Our article does not address these issues.
According to the rules of the theory of distributions, we must multiply this equation by arbitrary function f with
compact support and integrate along the coordinate n (n,ν = δnν), the result is
−( f Sµν),n + f (Sµν;ν + [Tµν]) = f (θ, xi)Cµ(xi). (93)
Dividing it by f (0, xi) we get
b(µ)(xi)Sµn − Sµn,n + Sµν;ν + [Tµν] = Cµ(xi), (94)
Where b(µ)(xi) = −( f,n/ f )(n = 0) is an arbitrary function of the coordinates on singular hypersurface Σ0. In Gauss
normal coordinates the above expression is split in 1 scalar and 1 vector (3D) ones,
 (b
(n) − K)Snn + Snp|p + ǫKlpSlp + [Tnn] = Cn,
(b(i) − K)Sin − Ki
l
Snl + Sil|l + [T
in] = Ci,
(95)
where Ki j = −(1/2)γi j,n is the extrinsic curvature tensor of hypersurface Σ0, and K = Kll.
Strictly speaking, the above expressions in this very form are valid for Quadratic Gravity, but not for General
Relativity, because in the latter case Klp has jumps if S
lp
, 0. One needs to specify additionally the values of the
extrinsic curvature tensor components on Σ0. In the next Section V we will present an example when this is not
necessary. Remember, that in General Relativity Snn = Sni = 0. But, even if there is no thin shell at all, i. e., Si j = 0,
we still have a room for the non-conservation of the energy-momentum tensor. It is easy to deduce from the above
equations, that the shock waves in the matter distributions, accompanied by the gravitational shock waves (the
nonzero jumps in the curvature), are also responsible for the “matter creation”.
In Quadratic Gravity the jumps provide us with double layers. We see, that in the absence of the thin shells, it is
Snn and Sni that are responsible for the gravitational particle production.
V. EXAMPLES OF EXACT SOLUTIONS
In this section we would like to consider some applications of the theory developed above. Note, that the
applications and the theory are quite different things. When constructing a theory, we are allowed to claim: let
the whole space-time be divided in two (±)-regions with the different behavior of the energy-momentum tensor or
different vacua, separated by the some singular hypersurface Σ0. And let some special conditions be fulfilled at such
a hypersurface (in the case of Quadratic Gravity these are the Lichnerowicz conditions). and as the result we obtain
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some equations on Σ0, called the junction conditions. The situation with the applications, in a sense, reciprocal. We
must know the solutions in (±)-regions. And our aim is just to find such a hypersurface Σ0, which satisfied both the
the matching equations and some specific conditions (in our case, the Lichnerowicz’s ones). And onemore important
feature: the applications should be as simple as possible in order to make all the machinery quite transparent. For
this very reasonwe have chosen for consideration the spherical symmetric space-times. And in the case of Quadratic
Gravity, in addition, we confined ourselves to the conformal gravity, when the linear part is absent (including the
cosmological term), and the quadratic parts are combined in the square of the Weyl tensor.
We start with the example from General Relativity and consider a spherically symmetric bubble inside the “false”
vacuum (described by the de Sitter solution with positive cosmological constant Λ), and its wall is just the thin shell.
The singular hypersurface Σ0 is time-like, the Gauss normal coordinate system line element is
ds2 = g00(t, n)dt
2 − dn2 − r2(t, n)(dθ2 + sin2 θdϕ2), (96)
where r(t, n) is the radius of the sphere, the metric on Σ0 is simply
dΣ2 = dτ2 − ρ2(τ)(dθ2 + sin2 θdϕ2), (97)
ρ(τ) = r(t, 0), τ is the proper time of the observer sitting on the shell.
Due to the spherical symmetry, we have only two independent components of the extrinsic curvature tensor,
K0
0
= −(1/2)g00.n|Σ0 and K22 = K33 = −(r,n/r)|Σ0 . Also, we have only two independent components of the surface
energy-momentum tensor of the bubble wall, S0
0
and S2
2
= S3
3
. The Israel equations are reduced to
{
[K2
2
] = 4πGS0
0
,
[K0
0
] + [K2
2
] = 8πGS2
2
.
(98)
Here we consider the bubble of special kind, first proposed and investigated in [24–26].
The bubble wall brings no energy, i. e., S0
0
= 0, only surface tension, S2
2
(like bubble in the kettle), it is not empty,
the interior is filled with some perfect fluid produced of the released vacuum energy around it (in references cited
above, this was called the “vacuum burning” phenomenon). The conservative condition equation now becomes
{−2K2
2
S2
2
+ [Tnn] = C
n,
−2 ρ˙ρS22 + [T0n] = C0.
(99)
Our aim is demonstrate the very possibility of the matter creation. So, we write down here only the final result
without further details:

2
ρ
√
ρ˙2 + 1 −Λρ2S2
2
− (Λ + p) = Cn,
−2 ρ˙ρS22 + (ε + p) V1−V2 = C0,
(100)
where ρ˙ is the proper time derivative of the bubble radius ρ,Λ is the cosmological constant (outside the bubble wall),
ε and p are, respectively, the energy density and pressure of the perfect fluid on the inner side of the bubble wall, and
V is the fluid velocity in the inward direction.
The other example comes from the Quadratic Gravity. Again, we assume the spherical symmetry. Moreover, we
restrict ourselves to the special case , the conformal gravity, when all the terms in the Lagrangian (2), quadratic in
curvature, are just the square of theWeyl tensor, C2. This means, that α2 = −α1 and α3 = (1/3)α1 according to relations
α2 + 4α1 = 2α1 and α2 + 4α3 = −(2/3)α1. The choice stemmed from the fact that we know all spherically symmetric
solutions in this theory [22, 23]. The equations for the double layer (only those that are needed for the determination
of the singular hypersurface Σ0, which now becomes, actually, a world line) are the following (see (63) and (64)):
α1ǫ
(
Klp − 1
3
Kglp
)
[Klp,n] =
1
4
Snn, (101)
α1
(
gilg jp − 1
3
gi jglp
)
[Klp,n| j] =
1
4
Sin, (102)
and we must add the Lichnerowicz conditions
[Klp] = 0. (103)
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The advantage of our choice in favor of the C2 Lagrangian is that the corresponding action is invariant under
the conformal transformation. Such a nice property allows us to use the following trick. Writing the spherically
symmetric line element in the form
ds2 = gi j(x)dx
idx j − r2(x)(dθ2 + sin2 θdϕ2), (104)
we may choose the radius r(x) as a conformal factor
ds2 = r2(x)
(
γi j(x)dx
idx j − (dθ2 + sin2 θdϕ2)
)
, (105)
with γi j = (1/r2)gi j, and we can now forget about the radius, provided Snn and Sni mean now, respectively, (1/r6)Snn
and (1/r6)Sni (for details see [22, 23]).
In what follows we will be interested only in time-like double layers and thin shells. So, the conformally trans-
formed line element (ǫ = −1) is
ds2 = γ00(τ, n)dτ
2 − dn2 − (dθ2 + sin2 θdϕ2). (106)
Thus, we have only one nonzero component of the extrinsic curvature tensor Ki j, namely
K00 = −1
2
(γ00),n = K, (107)
where K is the trace of Ki j, and we put γ00(τ, 0) = 1. Actually, we are dealing now with the 2-dimensional space-time,
and the only invariant quantity that characterizes it is the 2-dimensional curvature scalar R˜,
R˜ =
γ00,nn
γ00
− 1
2
(
γ00,n
γ00
)2
. (108)
The total curvature scalar of our 4-dimensional conformally transformed manifold equals
R = R˜ − 2. (109)
The equations for determining the trajectory of the double layer become (here a “dot” denotes the derivative with
respect to the proper time τ):

K[R˜] = 34α1 S
nn,
[ ˙˜R] = − 34α1 Sn0,
[K] = 0,
(110)
and the conservative relation now reads{
(b(n) − K)Snn + S˙n0 + ǫKS00[Tnn] = Cn
(b(0) − 2K)S0n + S˙n0 + [T0n] = C0. (111)
Since we decided to consider only time-like singular hypersurfaces, the function C0(τ) describes the energy density
creation, while Cn(τ) is responsible for the creation of the energy density flow.
Everybody knows that in General Relativity all spherically symmetric vacuum solutions belong to the two-
parametric family. The parameters are the Schwarzschild mass m and the cosmological constant Λ. In conformal
gravity the spherically symmetric vacuum solutions belong to one of three classes. They are:
Class I:
R˜ = 2, C2 = 0. (112)
All the cosmological models, i. e., homogeneous and isotropicmanifolds enter this class, including the flatMinkowski
space-time and de Sitter (m = 0, Λ > 0) and anti-de Sitter (m = 0, Λ < 0) ones.
Class II:
R˜ = −2, C2 = 16
3
. (113)
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The solutions of this class are obtained from that ones of Class I by interchanging the temporal and spatial variables.
Class III:
This is the one-parametric family. The corresponding two-dimensional conformally transformed line element is
ds22 = Adt
2 − dR˜
2
A
, A =
1
6
(R˜3 − 12R˜ + C0), C0 = const. (114)
The spherically symmetric vacuum solutions of General Relativity with Λ , 0 belong to this class, in this case
C0 = 16 − 2(12Gm)2Λ.
Our aim is to consider different combinations in (±)-regions and find the corresponding trajectories of the double
layers in-between. We begin with (I–II)-case, i. e., on one side of the singular hypersurface Σ0 one has a solution from
Class I, while on the other side — from Class II. Note that the Classes have to be different, otherwise there will be no
double layer at all. Thus,
[R˜] = ±4 = const, ˙˜R = 0, (115)
and we are left with the equation
K = ± 3
16α1
= Snn. (116)
But, we also have the equation (108), relating γ00,n and R˜. For R˜ = ±2 one gets
±2 = γ00,nn
γ00
− 1
2
(
γ00,n
γ00
)2
. (117)
This equation can easily be solved for Z = −(1/2)(γ00,n/γ00). The result is
Z = − tanh
(
n + f(+)(τ)
)
for R˜ = +2, (118)
Z = tan
(
n + f(−)(τ)
)
for R˜ = −2, (119)
where f(±)(τ) are arbitrary real-valued functions. On Σ0, where n = 0,
Z|Σ0 = K. (120)
and the only way to obey the Lichnerowicz conditions is to put f(+)(τ) = f(−)(τ) = 0. This means that
K = 0. (121)
Thus we have got the static solution (on both sides of Σ0 the curvature R˜ is constant) without matter creation
(Snn = Sni = 0). Both vacua remain to be vacua, and no collapse of the double layer. Note, that, despite of the zero
values for Snn and Sn0 we can still have S˙00 = C0 (Cn = 0, as it should be, because we postulated the vacuum states in
(±)-regions). Such a situation can be called the “emergent thin shell”. And the source of this process is hidden inside
the thin shell itself.
Let us consider the case when a double layer matches some solution from Class I (or Class II) on the one side (with
R˜ = ±2) and some solution fromClass III on the other side. The requirement that both vacua remained empty dictates
Sn0 = 0, hence [ ˙˜R] = 0, and the equation for the singular hypersurface on that side where we have the solution from
the Class III is simply R˜ = R˜0 = const. In this region the two-dimensional line element has the form from equation
(114). In order the double layer be time-like, it is necessary that A(R˜) > 0. The normal coordinate to the surface
R˜ = const is collinear with our coordinate R˜, i. e.,
dn =
dR˜√
A
, R˜,n =
√
A. (122)
Further,
γ00 =
A(R˜)
A(R˜0)
, K = −1
2
γ00,n(R˜0) = −
R˜2
0
− 4
4
√
A(R˜0)
= K0. (123)
16
The Lichnerowicz conditions can be easily satisfied by the appropriate choice of f(±)(τ) for R˜ = ±2 vacua. We see that
Snn is constant and, in general, nonzero. The substitution of all these into the conservative relations shows that they
can be always satisfied by the appropriate choice of the “arbitrary” functionB(n) (remember, that [Tnn] = [T0n] = Cn = 0
in the case of the vacuum solutions in the (±)-regions). Again, we may have a situation of the “emergent thin shell”,
but this time the source is the double layer (Snn , 0).
At last, consider the case when on both sides of the singular hypersurface Σ0 the vacuum solutions belong to
Class III. All the formulas were already written above. Surely, choosing the appropriate constants of integration, it
is always possible to make the normal coordinate n continuous across Σ0. Then, the requirement for the solutions in
the bulk to be the vacuum ones translates into [R˜] = const, and together with the Lichnerowicz condition, the latter
leads to constant values for R˜ on both sides of Σ0. Therefore, again we have the static solution — no collapse.
The overall result is that in conformal gravity there are no collapsing spherically symmetric double layers without
radiation!
Suppose now, that there are no double layers — only thin shells. Then, as we already know, Snn = 0, Sni = 0, and
the analog of the Israel equation for the spherically symmetric conformal gravity takes the form
[K,nn] = − 3
8α1
S00 = − 3
8α1
S00, (124)
[K,nn] = − 3
4α1
S22 =
3
4α1
S22, (125)
Note, that TrSi j = S
0
0
+2S2
2
= 0. To these equations onemust add the Lichnerowicz condition ([Ki j] = 0) and conditions
for the double layer absence ([Klp,n] = 0). In our case they look as follows
[K] = 0, [K,n] = 0. (126)
This means that
[R˜] = 0. (127)
Since on both sides of the time-like Σ0 we have different vacuum solutions, the corresponding conservative relations
are now very simple {−KS0
0
= Cn,
S˙0
0
= C0.
(128)
Consider now different combinations of the vacuum solutions in (±)-regions. Let, first, on both sides the so-
lutions belong to Class I (or Class II, they must be the same). We have already introduced above the function
Z = −(1/2)(γ00,n/γ00), which equals − tanh
(
n + f(+)(τ)
)
for R˜ = +2 and Z = tan
(
n + f(−)(τ)
)
for R˜ = −2. It easy to see
that from the Lichnerowicz condition [K] = 0 it follows both [K,n] = 0 and [K,nn] = 0. Hence S
0
0
= S22 = 0, what means
that for such a combination the thin shells without the double layers do not exist at all.
Now let on the one side of Σ0 the vacuum solution is from Class I (or Class II), while on the other side — from
Class III. The result (without details) is the following: due to the continuity of the curvature at Σ0, we may have only
static solutions with R˜ = 2 (or R˜ = −2), but they exist only for the specific values of the parameters C0 in the metric
from Class III. So, no collapse.
The last of all possible combinations of vacuum solutions on (±)-regions is the case when both of them belong
to Class III. This situation is most difficult for investigation, the main problem being to satisfy the Lichnerowicz
condition. But the result is rather nice and simple. Namely, the collapse is possible, all the trajectories of the thin
shell, R˜(τ), obey the universal second order differential equation
¨˜R = 1 − 1
4
R˜2, (129)
which can be easily solved in quadrature, and the analogue of the Israel equations is
σ(+)
√
C0(+) + V
2
0
− σ(−)
√
C0(−) + V20 =
3
4α1
S00, (130)
where C0(±) are the values of the only parameter C0 of the solutions in (±)-regions, V0 = ˙˜R(τ = 0) is the initial
“velocity” of the curvature, and σ = ±1 depending on which of the sides of the solutions (R˜ = ±∞) “looks” at
matching hypersurface Σ0. Therefore S
0
0
= const. Moreover, the dynamical equation above guaranties the K = 0 on
both sides of Σ0. Thus, there is no creation of matter and no radiation coming from the thin shell. See details for
derivation of equation (130) in Appendix VI.
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VI. CONCLUSIONS AND DISCUSSIONS
In this concluding Section we would like to summarize the obtained results. We have chosen for our investigation
the Quadratic Gravity and its connections with the conservation of the energy-momentum tensor for the matter
fields. The choice was motivated by the fact that it is the quadratic combinations of the Riemann curvature tensor
and its contractions that appear in the trace anomalies in th one-loop approximation of the quantum field theories
on the curved space-time background.
First of all, we rearranged the terms on the Lagrangian of the Quadratic Gravity and, instead of the commonly
used “naked” squared curvatures, we wrote down it as the sum of the Weyl tensor, the Gauss-Bonnet term and the
square of the curvature scalar. Then we proved explicitly, that the right-had (gravitational) side of the field equations
is conservative, and so does the total energy-momentum tensor. Of course, for the linear part of the total Lagrangian
it was the well known fact for the whole century, as well as for the C2-part, but we presented the proof for the sake
of completeness.
These conservative conditions are valid, provided the Riemann curvature tensor and its contractions (Ricci tensor
and curvature scalar) are well-defined, i. e., in the bulk. But, both the General Relativity and Quadratic Gravity
provide us with the possibility of the existence of the so-called singular hypersurfaces.
InGeneralRelativity the singular hypersurfaceΣ0 appears onlywhen thematter energy-momentumtensor contains
the δ-function part, it is called the thin shell. The corresponding Einstein equations on these shells are the Israel
equations which relate the surface energy-momentum tensor, Si j (i, j are the coordinate indices on Σ0), to the jumps
in the extrinsic curvature tensor, Ki j, describing the embedding of the three-dimensional singular hypersurface into
the four-dimensional space-time.
In Quadratic Gravity the situation is much more interesting. First, we are not allowed to have δ-function behavior
in the curvature (unlike in General Relativity), since, in generic case, this would lead to the appearance of δ2-term
in the Lagrangian what is forbidden by the conventional theory of distributions. So, we are obliged to impose the
Lichnerowicz conditions [Ki j] = 0. Thus, the Riemann curvature tensor and its contractions may have at most jumps
across singular hypersurface Σ0, they appear in the form [Klp,n] , 0 (n is the coordinate, normal to Σ0). Second, since
the field equations in Quadratic Gravity are of the fourth order in derivatives of the metric tensor (of second order
in derivatives of the curvature), these jumps lead not only to the δ-terms, but also to the δ′-terms, the former being
describe the thin shells, while the latter— the so-called double layer, discovered recently by J.M.M. Senovilla. Double
layers can be considered as the gravitational shock waves. Following the rules of the theory of distributions, one
must to integrate the δ- and δ′-terms, together with the arbitrary function of four variables having a compact support.
The result is the appearance of the arbitrary functions of three variables in the field equations on Σ0. These functions
should be then determined by solving matching equations for every specific choice of the solutions in the bulk and
surface energy-momentum tensor Si j of the corresponding thin shell. Our approach to deriving the field equations
on the singular hypersurface, described shortly in the present paper, is based on the least action principle. The
δ′-function is not even mentioned, but the allusion of its existence is there, taken the form of the arbitrary tensorial
function connecting the variations of the extrinsic curvature tensor, δKi j, with that of the metric tensor, δγi j. Third, the
appearance of, possibly, nonzero components, Snn and Sni, of the surface energy-momentum tensor. J.M.M. Senovilla,
who discovered this phenomenon and emphasize its necessity, called them the external pressure and external flow,
correspondingly. They are rather unusual things, because it is only Si j (Si j) that describe the energy content of the
thin shells. Note, that in General Relativity Snn = 0 and Sni = 0 by virtue of the field equations.
Wederived the conservative conditions in the casewhen the energy-momentumtensor on the singular hypersurface
contains both a jump and a δ-function term. Since the existence of the δ′-term in the resulting equation, its subsequent
integration leads to the appearance of the “arbitrary” functions which, quite evidently, are connected with that
“arbitrary” functions (and their normal derivatives) entering the field equations for the double layers. It is seen
at ones, that, in the absence of the thin shell (Si j = 0) it is the “unusual” Snn and Sni, that are responsible for the
possible non-conservation of the energy-momentum tensor on the singular hypersurface Σ0. Thus, the nature of
these components becomes clear: they describe, phenomenologically, the creation of matter by the geometry “inside”
the gravitational shock waves.
In the remaining part of the paper we considered some applications of the obtained theoretical results. Our choice
is the spherically symmetric conformal gravity, what was dictated by our knowledge of all vacuum solutions in this
case [27, 28]. The main result is that the time evolution of the singular hypersurface with the double layer between
two different vacua, i. e., its collapse, is impossible without radiation.
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APPENDIX A
In this Appendix we present the details of derivation of the equation (130) for the trajectories of the time-like thin
shells in the spherically symmetric conformal gravity (see the end part of Section V), when double layer is absent, and
on both sides of the the thin shell the vacuum solutions belongs to Class III. The lattermeans that the two-dimensional
line element (after removing the line element of the unit sphere) has the form (114), where R˜ is the two-dimensional
curvature scalar, and C0 is the only parameter of the Class III vacuum solutions.
Let the equation of the thin shell trajectory be R˜ = R0(τ), and n be a coordinate in the direction of outward normal
vector to the trajectory, running from (−)-region to (+)-region, with n = 0 on it. Then, the line element can be written
in the form
ds22 = γ00(τ, n) − dn2, γ00(τ, o) = 1. (A.131)
The only component of the extrinsic curvature tensor is
K00 = −1
2
γ00,n, K = −1
2
γ00γ00,n = −1
2
γ00,n
γ00
. (A.132)
The equations governed the thin shell trajectory are jumps of the trace K and its normal derivative,
[K] = 0, [K,n] = 0. (A.133)
The first one is the Lichnerowicz condition, unavoidable in Quadratic Gravity, while the second is the condition for
the absence of the double layer. The analogue of the Israel equations for thin shells is
[K,nn] = − 3
8α1
S00, (A.134)
where S00 is the surface energy density of the shell.
The two-dimensional curvature scalar R˜ equals
R˜ =
(
γ00,n
γ00
)
,n
− 1
2
(
γ00,n
γ00
)2
= −2(K,n + K2). (A.135)
From the conditions, imposed above,
[R˜] = 0 (A.136)
and vice verse, if we impose the condition [R˜] = 0 and satisfy the Lichnerowicz condition [K] = 0, then the absence
of the double layer will be guaranteed.
Let us make the transformation from the coordinates (t, R˜) to (t, n) in (±)-regions (equation (114)),
ds22 = Adη
2 − 1
A
dR˜2 = γ00dτ
2 − dn2,
t = t(τ, n), t˙ = t,τ, tn = t,n,
R˜ = R(τ, n), ˙˜R = R˜,τ, R˜n = R˜,n, (A.137)
then,

At˙2 − 12 ˙˜R = γ00,
At˙t,n − 1A ˙˜RR˜n = 0,
1
A R˜
2
n − At2n = 1.
(A.138)
It follows from this, that
γ00 ˙˜R
2 − R˜2n = A, R˜ = ±
√
γ00 ˙˜R
2 − A = σ
√
γ00 ˙˜R
2 − A, (A.139)
where σ = ±1, indicating whether R˜is increasing in the n-direction or decreasing.
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Let us rewrite the transformation relation in the form
t2n =
1
A
(
1
A R˜
2
n − 1
)
= M2,
t˙2 = 1A
(
γ00 +
1
A
˙˜R
2
)
= L2,
LM = 1
A2
˙˜RR˜n.
(A.140)
One must add also the integrability condition
L,n = M˙. (A.141)
Extracting, then, γ00,
γ00 = AL
2 −
˙˜R
A
, (A.142)
we managed to calculate γ00,n on the shell (from either sides). The calculations are cumbersome, but the result is
surprisingly simple,
γ00,n =
2R¨0 + A
′
(R0)
R˜,n
= −2K. (A.143)
From Lichnerowicz condition it then follows the universal dynamical equation for the thin shells,
R¨0 = 1 − 1
4
R20, (A.144)
and, simultaneously, that (on both sides)
K = 0. (A.145)
The first integral for the dynamical equation (A.144) can be easily found,
˙˜R
2
0 =
1
6
(12R0 − R30) + V20 , → R˜2n = ˙˜R
2
0 + A = C0 + V
2
0 , (A.146)
and, noticing, that [K,n] = −(1/2)[R˜n], we get the requested equation (130):
σ(+)
√
C0(+) + V
2
0
− σ(−)
√
C0(−) + V20 =
3
4α1
S00, (A.147)
Consequently,
S00 = const. (A.148)
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